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Abstract
We answer a question of Raczkowski on totally bounded Hausdorff group topologies on the
integers with a convergent sequence (un). More specifically, we show that for fast growing and
for slowly growing sequences (un) the asymptotic behaviour of the ratio un+1/un leads to rather
specific properties of the topologies in question.
(a) If un+1/un →∞, then there exists a totally bounded Hausdorff group topology of weight c on
Z that makes (un) converging to 0.
(b) If un+1/un is bounded, then every group topology as in (a) must be metrizable (i.e., has weight
ℵ0).
We also show (under the assumption of Martin’s Axiom) that there exists a precompact group
topology τ on Z without non-trivial convergent sequences generated by a measure-zero subgroup H
of T.
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1. IntroductionGiven a non-trivial sequence (un) of integers (i.e., a sequence which is not eventually
constant) one may ask when (un) converge to 0 for some Hausdorff group topology τ on
Z. This question has been studied by many authors as Graev [9], Nienhuys [14], Clark and
Cates [2], and others. The general case of an Abelian group G is treated in [19] where the
authors introduce the notion of a T-sequence of G, i.e., a sequence (un) for which there
exists a Hausdorff group topology τ on G such that un → 0 in (G, τ) (see also the recent
papers [3,13] and the monograph [16]).
The counterpart of the above question for precompact group topologies on Z is studied
by Raczkowski [17] (see Section 2 for undefined terms). Given a fixed sequence (un) in
Z, she proves the following
Theorem 1.1 [17, Theorem 10]. If un+1
un
 n + 1, then there exists a precompact group
topology τ of weight c on Z such that un → 0 in (Z, τ ).
Raczkowski asks whether the assumption un+1
un
 n + 1 in the above theorem can be
weakened. We give a positive answer to this question by showing that it can be replaced by
un+1/un →∞ (cf. Theorem 3.1).
To do this, we propose the following counterpart of the notion of T -sequence for
precompact group topologies that allows a more general approach to the question.
Definition 1.2. A sequence (un) in a group G is said to be a T B-sequence if there exists a
precompact group topology τ on G such that un → 0 in (G, τ).
The present article is dedicated to the study of T B-sequences in Z. Let us denote by
Z the group ZN and by u sequences (un) ∈ ZN. For every T B-sequence u ∈ Z there is a
finest precompact group topology σu on Z that makes u converge to 0 (cf. Corollary 2.3).
Following [5], for a sequence u ∈ Z we consider the subgroup tu(T) of topologically
u-torsion elements of the circle group T = R/Z consisting of those elements x ∈ T
such that unx → 0 in T. It turns out that u is a TB-sequence iff the subgroup tu(T) is
infinite; moreover, the weight of the topology σu coincides with the size of tu(T) (cf.
Proposition 2.4). This allows a complete reduction of the questions regarding precompact
group topologies on Z that make a sequence u ∈ Z converge to 0 (and their features, as
weight etc.) to questions regarding the subgroup tu(T) of T (and its features, as size etc.).
This approach is based on a connection (described in Theorem 2.1) between subgroups H
of T and precompact group topologies on Z: to the subgroup H one assigns a precompact
group topology TH on Z (generated in appropriate way by H , see Section 2.1 for the
precise definition) so that every precompact group topology on Z has the form TH for
some subgroup H of T.
In Section 3 we consider the question whether the asymptotic behaviour of the ratio
un+1/un may infer on the fact that u ∈ Z is a TB-sequence. As mentioned above, for
every sequence u ∈Z such that
un+1/un →∞
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one can find a precompact group topology of weight c on Z such that un → 0. The idea
is to show that the subgroup tu(T) has c many elements (cf. Theorem 3.1). On the other
hand, we prove that in case un+1/un is bounded, then the subgroup tu(T) is countable and
consequently every precompact group topology on Z such that un → 0 (in particular σu)
must be metrizable (cf. Theorem 3.3 and Corollary 3.4). In general, no further information
can be obtained from the behaviour at infinity of the ratio un+1/un (in particular, neither
un+1/un →∞ nor boundedness of un+1un are necessary conditions in the above mentioned
results, as shown in Remark 3.5). In specific cases (e.g., recursively defined sequences) one
can prove that σu has weight c if and only if the ratio un+1/un is unbounded as proved in
the outcoming paper [1].
In Section 4, we give, under the assumption of MA, a negative answer to the following
question of Raczkowski [17, Question 1]
Question 1.3. Suppose H is a proper measurable subgroup of T, i.e., of measure 0. Must
it follow that (Z, TH ) has non-trivial convergent sequences?
This question is motivated by the fact that if for some subgroup H of T the precompact
group topology TH on Z admits a non-trivial convergent sequence, then H has measure
zero [17].
1.1. Notation
The symbols N, Z and Q are used for the set of positive integers, the group of integers
and the group of rationals, respectively. The circle group T is identified with the quotient
group R/Z of the reals R and carries its usual compact topology. We will denote by
ϕ :R→ T the canonical homomorphism.
For a topological group (G, τ), we denote by w(G) the weight of G (i.e., the minimal
cardinality of a base for the topology on G) and by χ(G) the character of G (that is, the
minimal cardinality of a base for the filter of 0-neighborhoods in G).
The symbol c stands for the cardinality of the continuum, so c= 2ℵ0 and, as mentioned
above, we will denote by Z the group ZN and by u sequences (un) ∈ ZN and finally, we
will set Z0 =⊕NZ. For undefined terms see [6,7,11].
2. TB-sequences in Z
2.1. Background on precompact group topologies
A topological Abelian group G is said to be totally bounded if for every non-empty
open set U in G there is a finite subset A of G with G = A + U . Hausdorff totally
bounded topological groups G are also called precompact because they are determined by
the property to be (isomorphic to) subgroups of compact groups [18]. In our terminology,
compact spaces satisfy Hausdorff’s separation axiom.
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For an Abelian groupG a character of G is a homomorphism χ :G→ T. We denote by
Hom(G,T) (or Ĝ) the group of all characters of G. It is a well-known fact that Ĝ equipped
with the topology of the pointwise convergence is always compact and Ẑ= T.
For an Abelian group G and a subgroup H  Hom(G,T), let TH be the weakest
topology on G such that all characters of H are continuous with respect to TH . One easily
shows that TH is a totally bounded group topology on G, called the topology generated by
H . It is a non-trivial fact, that every totally bounded group topology can be obtained in this
way (see, Theorem 2.1). A subgroup H  Hom(G,T) is said to separate the points of G
if for every g ∈G \ {0} there exists h ∈H such that h(g) = 0. For subgroups of characters
of a discrete Abelian group G the property of separating the points of G is equivalent to
the density in Ĝ (cf. [4, Theorem 1.9]).
A group topology τ on an Abelian group G is called linear if it has a local base at 0
consisting of open subgroups of G. It is easy to see that a linear group topology on G
is totally bounded iff every open subgroup of G has finite index. Therefore, every non-
discrete linear group topology on Z is totally bounded.
The next theorem describes the totally bounded group topologies on Abelian groups:
Theorem 2.1 [4, Theorems 1.2, 1.3]. Let G be an Abelian group and let Ĝ be the group of
all characters of G. Let H be the family of all subgroups of Ĝ and let TG be the family of
all totally bounded topological group topologies on G. Then the assignment T (H) := TH
for every H ∈H defines an order-preserving bijection
T :H→ TG. (1)
Moreover,
(a) TH is Hausdorff (hence precompact) iff H separates the points of G (i.e., H is dense
in Ĝ);
(b) TH is linear iff the subgroup H of Ĝ is torsion;
(c) w(G,TH )= |H |.
Since dense subgroups of T are precisely the infinite ones, the above theorem shows that
there exists a one-to-one correspondence between infinite subgroups of T and precompact
group topologies of Z.
2.2. The finest precompact topology corresponding to a TB-sequence
Let H be a subgroup of Hom(Z,T). By the definition of TH , a sequence u ∈ Z
converges to 0 in (Z, TH ) if and only if unχ(1) = χ(un)→ 0 in T for every χ ∈ H .
Identifying χ with χ(1) ∈ T, i.e., Hom(Z,T) with T, we obtain
Proposition 2.2. Let H be a subgroup of T and u ∈ Z . Then u converges to 0 in (Z, TH )
iff H  tu(T).
By Theorem 2.1, any totally bounded group topology τ on Z is equal to TH for some
subgroup H of T. Therefore we get from Proposition 2.2
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Corollary 2.3. For u ∈ Z , σu := Ttu(T) is the finest totally bounded group topology on Z
for which u converges to 0.
The existence of the finest totally bounded group topology on Z for which u converges
to 0 follows easily from the fact that the supremum of totally bounded group topologies is
always totally bounded. The importance of the above corollary consists in giving a concrete
form of this topology.
The next proposition characterizes properties of σu in terms of corresponding properties
of tu(T).
Proposition 2.4. Let u ∈Z . Then:
(a) w(Z, σu)= |tu(T)|;
(b) σu is Hausdorff iff tu(T) is infinite;
(c) σu is metrizable iff |tu(T)| = ℵ0;
(d) σu is linear iff the subgroup tu(T) is torsion.
Proof. (a) and (d) follow from Theorem 2.1 (b)–(c).
(b) By (a) of Theorem 2.1, σu is Hausdorff iff the subgroup tu(T) is dense in T iff tu(T)
is infinite.
(c) If σu is metrizable, then w(Z, σu) is infinite by (a) and (b). Moreover, if σu is
metrizable, then w(Z, σu) is countable since Z is countable.
If w(Z, σu) is infinite and countable, then σu is Hausdorff by (a) and (b) and χ(Z, σu)
is countable. Hence σu is metrizable by Kakutani–Birkhoff’s metrization theorem. ✷
2.3. Topologically torsion elements of T
It became clear in Section 2.2 that the subgroup tu(T) of all topologically u-torsion
elements of T is crucial for the study of T B-sequences in Z. Here we give some properties
of these subgroups.
If u ∈ Z has a non-zero constant subsequence, then tu(T) is finite. In all other cases
one can reduce the study of tu(T) to the case when u is strictly increasing as shown in the
following proposition.
Proposition 2.5.
(a) Let u and v be two sequences in Z without constant subsequences and let A :=
{un: n ∈N}, B := {vn: n ∈N}. If |A \B|< ℵ0 and |B \A|< ℵ0, then tu(T)= tv(T).
In particular, this holds true when A= B .
(b) For a sequence u in Z let |u| denote the sequence (|un|). Then tu(T)= t|u|(T).
(c) If u is a sequence inZ without constant subsequences, then there is a strictly increasing
sequence v in N such that tu(T)= tv(T).
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Proof. (a) It follows from the assumptions that for any k ∈N there are l, m ∈N such that
{vi : i  l} ⊂ {ui : i  k} and {ui : i m} ⊂ {vi : i  k}. Therefore unx → 0 iff vnx → 0
for any x ∈ T, i.e., tu(T)= tv(T).
(b) It follows from the fact that 0 ∈ T has a neighborhood base of symmetric sets.
(c) Let v be the strictly increasing sequence in N with {vn: n ∈N} = {|un|: n ∈N} \ {0}.
Then tv(T)= tu(T) by (a) and (b). ✷
It is possible to deduce from [19, Example 5] that there are T -sequences on Z which
are not T B-sequences. We now show that there are many of these sequences. To do that
we use the following
Lemma 2.6 [19, Lemma 7]. Let u ∈ Z be a T -sequence. Then there exists a sequence
b ∈ Z such that every sequence q ∈Z with q2n = bn or q2n = bn + 1, and q2n−1 = un, is
a T -sequence.
Proposition 2.7. Let u ∈ Z be a TB-sequence such that |tu(T)| = ℵ0. Then there exists a
T -sequence q ∈Z containing u as a subsequence, that is not a TB-sequence.
Proof. Let us list all elements of tu(T) as {z1, . . . , zn, . . .}. Let (bn) be the sequence in Z
according to Lemma 2.6 and let f :N×N→ N be a bijection. Define the sequence (qn)
by setting
q2m−1 := um and q2f (k,l) :=
{
bf (k,l)+ 1 if bf (k,n)zk → 0 (n→+∞),
bf (k,l) if bf (k,n)zk → 0 (n→+∞), (2)
for all m,k, l ∈ N. Then (qn) is a T -sequence by Lemma 2.6. Let x ∈ tq(T), i.e.,
qnx → 0. Then unx = q2n−1x → 0, so x ∈ tu(T). Hence there exists k ∈ N with x = zk .
Assume that bf (k,n)zk → 0. Then bf (k,l) = q2f (k,l) for every l ∈ N by (2), hence our
assumption entails q2f (k,n)x → 0, while our hypothesis x ∈ tq(T) yields limn q2f (k,n)x = 0
(as obviously limn f (k,n)=∞), a contradiction. Therefore limn bf (k,n)zk = 0, hence (2)
gives q2f (k,l) = bf (k,l)+1 for every l ∈N, so that now bf (k,n)x+x = q2f (k,n)x→ 0 gives
x = 0. Therefore tq (T)= 0. By Proposition 2.4(b) q is not a T B-sequence. ✷
We have proved a bit more than stated in Proposition 2.7: The only totally bounded
group topology on Z that makes q converge to 0 is the indiscrete one.
To study the group tu(T), it is sometimes convenient to deal with real numbers instead of
elements of T. That is why we here offer an alternative way of treating topological torsion
that makes recourse to R instead of T. Let ϕ :R→R/Z be the canonical homomorphism
and define
τu(R) := ϕ−1
(
tu(T)
)
for u ∈Z . Then Z⊂ τu(R) and ϕ(τu(R))= tu(T). It is now clear that |τu(R)| = |tu(T)| if
tu(T) is infinite.
The subgroup τu(R) of R can also be defined also directly in the following alternative
way. For every x ∈R set
‖x‖ := inf{|x + n|: n ∈ Z},
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i.e., ‖x‖ is defined as the distance d(x,Z) between x and Z. Then ‖ · ‖ :R→ R0 is
a seminorm. A sequence (xn) of real numbers converges to 0 mod 1 iff ‖xn‖ → 0. In
particular, ‖x‖ = 0 iff x ∈ Z. One immediately sees that
τu(R)=
{
x ∈R: ‖unx‖→ 0
}
.
Example 2.8. It is easy to see that tu(T) = T for every u ∈ Z0. The non-trivial fact that
tu(T) = T only if u ∈ Z0 follows from a more general result of Flor [8]. We offer here
a short direct proof for the equivalent fact that the equality τu(R) = R is true only if
u ∈Z0. Let u ∈Z\Z0. If u has a constant subsequence, then obviously τu(R) is countable.
Otherwise |un| →+∞. Then, by Proposition 2.5, we can assume that un →+∞. We now
define by induction a decreasing sequence of closed intervals In and a strictly increasing
sequence kn of natural numbers. Put I0 := [ 14 , 34 ] and k0 := 1. If In−1 and kn−1 are defined
for some natural n  1, choose kn ∈ N such that kn > kn−1 and diam(uknIn−1) > 2.
Then for some m ∈ Z we have m+ I0 ⊂ uknIn−1, hence In := u−1kn (m+ I0) ⊂ In−1. Let
x ∈⋂n In. Then uknx ∈ I0 + Z, hence ‖uknx‖  1/4 and consequently ‖unx‖ does not
converge to 0. Therefore x /∈ τu(R).
3. Fast growing and slowly growing sequences
Here we consider two extreme cases, when the ratio un+1/un determines the size of
tu(T) without any further hypothesis on un.
Raczkowski [17, Theorem 10] proved the following theorem under the assumption that
un+1
un
 n+ 1 and asked whether this assumption can be weakened. We show that it can be
replaced by un+1/un →+∞. It was proved in [19] that this condition ensures the existence
of an irrational number in tu(T).
Theorem 3.1. The subgroup tu(T) of T has size c for every sequence u in Z \ {0} with
un+1/un →+∞. (3)
Proof. By Proposition 2.5 we can assume that u is a sequence in N.
Since un/un+1 → 0, the series ∑∞n=1 1/un converges. Denote by S its sum and let
Rk =∑∞n=k+1 1/un for k ∈N.
We show that ukRk → 0. Let 0 < ε < 1. Since uk/uk+1 → 0, there is an n0 ∈ N such
that uk/uk+1  ε/2 for all k  n0. Therefore uk/uk+t  (ε/2)t  ε/2t for k, t ∈ N and
k  n0. Hence ukRk =∑∞t=1 uk/uk+t ∑∞t=1 ε/2t = ε for k  n0.
Let θ = max{2, S} and εk = ukRkθ . Then εk → 0. By Proposition 2.5 one can assume
that εk < 1 for every k ∈N.
Now let ξ ∈ {0,1}N. Build two sequences of intervals {Ik(ξ)}k and {Jk(ξ)}k depending
on ξ such that:
(a) Ik(ξ)= [pk(ξ),pk(ξ)+ εk] with p1(ξ)= 0;
(b) Jk(ξ)= (1/uk) · Ik(ξ)= [pk(ξ)/uk,pk(ξ)/uk + εk/uk];
(c) pk+1(ξ)=]pk(ξ)uk+1/uk[+ξk (where ]x[ denotes the least integer  x).
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Three important points should be outlined immediately:
(1) if ξ = ξ ′, then there exists k ∈N such that Ik(ξ) and Ik(ξ ′) are disjoint;
(2) for every fixed ξ the intervals {Jk(ξ)}k form a descending chain
J1(ξ)⊇ J2(ξ)⊇ · · · ⊇ Jk(ξ)⊇ · · · .
Indeed, by (c) pk+1(ξ) pk(ξ)uk+1uk + 2, so one obtains
pk+1(ξ)
uk+1
− pk(ξ)
uk
 2
uk+1
 θ
uk+1
.
Since by definition
εk
uk
− εk+1
uk+1
= θ(Rk −Rk+1)= θ
uk+1
,
we get the inequality
pk(ξ)
uk
+ εk
uk
 pk+1(ξ)
uk+1
+ εk+1
uk+1
.
This proves that the right extreme points of the intervals {Jk(ξ)}k form a decreasing
sequence. Since pk(ξ)
uk
 pk+1(ξ)
uk+1 follows immediately from definition (cf. (c)), we have
proved in this way the chain condition.
As limk diam Jk(ξ)= 0 for every ξ , there exists a (unique) yξ ∈⋂k Jk(ξ).
(3) Since yξ ∈ Jk(ξ), we conclude that ukyξ ∈ Ik(ξ). Hence pk(ξ) ukyξ  pk(ξ)+εk .
Since pk(ξ) ∈ Z, this yields ‖ukyξ‖ → 0 in R, as εk → 0. Hence yξ ∈ τu(R) for
every ξ ∈ {0,1}N. Since by step 1 yξ = yξ ′ when ξ = ξ ′, one concludes that |tu(T)| =
|τu(R)| = c. ✷
Corollary 3.2. For every sequence (un) in Z \ {0} with un+1/un → ∞ there exists a
precompact group topology of weight c on Z such that un → 0.
The corollary follows immediately from Theorem 3.1 and Proposition 2.4(a).
In contrast to Theorem 3.1 we have
Theorem 3.3. If u is a sequence in Z \ {0} such that un+1/un is bounded, then tu(T) is
countable.
Proof. If u has a constant subsequence, then tu(T) is finite and we are done. Therefore,
we assume that u has no constant subsequences, i.e., |un| →+∞. Then by Proposition 2.5
(b) we may assume that un →+∞. It is enough to prove that τu(R) is countable.
For ε > 0, k ∈N and j ∈ Z we put
I (ε, k, j) :=
[
j − ε
k
,
j + ε
k
]
,
I (ε, k)=
+∞⋃
j=−∞
I (ε, k, j) and An(ε)=
⋂
in
I (ε,ui).
(4)
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Since {x ∈R: ‖kx‖ ε} = I (ε, k), we have
τu(R)=
⋂
ε>0
⋃
n∈N
⋂
in
I (ε,ui)=
⋂
ε>0
⋃
n∈N
An(ε).
Therefore, to prove that τu(R) is countable it is enough to show that there is an ε > 0 such
that An(ε) is countable for every n ∈N.
By hypothesis there exists an upper bound C for all ratios un+1
un
. Choose ε > 0 with
1−2ε
2ε > C, so that
1− 2ε
uk+1
>
2ε
uk
for every k ∈N. (5)
Fix n ∈N. We show by induction that for every k  n there exist pairwise disjoint intervals
J ks , s ∈ Z, (some of them possibly empty) such that
k⋂
i=n
I (ε,ui)=
+∞⋃
s=−∞
J ks , diamJ ks 
2ε
uk
for every s ∈ Z and
J k−1s ⊇ J ks for every s ∈ Z if k > n. (6)
This is obvious for k = n. Suppose that k  n and (6) holds for k and the pairwise
disjoint intervals J ks (s ∈ Z). Then, for a fixed s ∈ Z, J ks can meet at most one of
the intervals I (ε,uk+1, j), j ∈ Z. Indeed, according to (5) the distance between these
intervals (being at least (1− 2ε)/uk+1) is bigger than the length of J ks . Hence J k+1s :=
J ks ∩ I (ε,uk+1) is an interval of length at most 2εuk+1 contained in J ks . Therefore, the
intervals J k+1s (s ∈ Z) are pairwise disjoint and
⋂k+1
i=n I (ε,ui) =
⋃+∞
s=−∞ J k+1s . This
proves our claim (6) for every k ∈N.
Observing that the intervals J ks are nested (more precisely, J ks ⊇ Jms when k  m)
we have An(ε) =⋃+∞s=−∞⋂∞k=n J ks . Since limk diam J ks = 0, each intersection ⋂∞k=n J ks
contains at most one point. This proves that An(ε) is countable. ✷
Corollary 3.4. Let u be a sequence in Z \ {0} such that un+1/un is bounded. Then every
precompact group topology on Z for which un → 0 must be metrizable.
As an easy consequence of Corollary 3.4 one obtains [17, Theorem 13] where it is
proved that if un = pn, where p is a prime, then every precompact group topology τ on Z
in which the sequence pn converges to 0 is metrizable.
In view of Theorems 3.1 and 3.3 it is natural to ask whether the size of tu(T) implies
that un+1/un →+∞ or boundedness of the ratios un+1/un. We will see that this is not the
case. Namely, for two sequences u and v with tu(T) = tv(T) the quotients un+1/un and
vn+1/vn can have quite different behaviour.
Remark 3.5. Let u be a strictly increasing sequence in N and m ∈ N. Then there is a se-
quence v in N such that tu(T)= tv(T), lim supn vn+1/vn =+∞ and lim infn vn+1/vn =m.
Proof. Let (ukn) be a subsequence of (un) with ukn+1/ukn →∞ and ukn/un →∞. We
define v by v2n−1 := ukn and v2n := mukn + un. Obviously, lim supn vn+1/vn = +∞
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and lim infn vn+1/vn = m. We now show that tu(T) = tv(T). Let x ∈ T. If unx → 0,
then uknx → 0, hence vnx → 0, as v2n−1x → 0 and v2nx → 0. If vnx → 0, then
unx = v2nx −mv2n−1x→ 0. ✷
We now show that—in contrast to Theorem 3.1—tu(T) may be trivial even for a
lacunary sequence u.
Remark 3.6. Let q ∈ N. Define (un) by u1 := 1 and un+1 := qun + 1 (n ∈ N). Then for
any non-trivial group topology on Z the sequence (un) cannot converge to 0. In particular,
tu(T)= 0.
Proof. Let τ be a group topology on Z such that un → 0 in (Z, τ ). Then for any m ∈ Z
we have m=m(un+1 − qun)→ 0 in (Z, τ ), i.e., τ is the indiscrete topology. In particular,
σu is indiscrete, i.e., tu(T)= 0. ✷
Example 3.7. Let p(x) be a non-zero polynomial in Z[x] and let un := p(n), n ∈ N.
Then the sequence (un) cannot converge to 0 in any Hausdorff group topology on Z. In
particular, tu(T) is finite.
Proof. We prove the first statement by induction over the degree degp of p(x). If
degp = 0, then the conclusion is obvious. Let m ∈N and let us suppose that the assertion
is true for polynomials of degree < m. Let p(x) ∈ Z[x] with degp = m and let τ be a
group topology on Z such that p(n)→ 0 in (Z, τ ). Then q(x) := p(x + 1) − p(x) is a
non-zero polynomial in Z[x] with degq < degp. Moreover, q(n)= p(n+ 1)− p(n)→ 0
in (Z, τ ). Therefore τ is not Hausdorff by the inductive hypothesis. In particular, σu is not
Hausdorff so that tu(T) is finite by (b) of Proposition 2.4. ✷
4. Totally bounded group topologies on Z without non-trivial convergent sequences
In [17, Section 4], Raczkowski constructed 2c-many totally bounded group topologies
on Z in each of which every convergent sequence is trivial (i.e., eventually constant). These
topologies are generated by non-measurable subgroups of T. She asked, [17, Question 1],
whether for every subgroup H of T of measure 0 (with respect to the Haar measure on T)
there are non-trivial convergent sequences in (Z, TH ). We here give a negative answer to
this question under Martin’s Axiom [MA]. The proof splits into several steps and is based
on the fact that the Lebesgue measure is concentrated on a set of first category.
Theorem 4.1. Under the assumption of [MA], T contains 2c-many subgroups Hξ , ξ < 2c,
of measure 0 such that every convergent sequence in (Z, THξ ) is trivial.
Proof. By [15, Theorem 1.6], the Lebesgue measure λ on R is concentrated on a set F of
first category, i.e., λ(R \ F) = 0. Since for every r ∈ Q the set rF is of first category in
R, we may assume without loss of generality that F =⋃r∈Q rF . We need the following
property of F :
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Claim. Let {Tξ : ξ < c} be a family of proper subgroups of (R,+). Then R contains
2c-many distinct linear subspaces E over Q such that Z ⊂ E  Tξ for every ξ < c and
E ∩ F ⊆Q.
(i) We first show that there is a family (xξ )ξ<c in R linearly independent over Q such
that xγ = 1 for some γ < c, spanQ{xξ : ξ < c} ∩ F ⊆ Q and xξ /∈ Tξ for every
ξ < c. We define the family (xξ )ξ<c by transfinite induction and for convenience we
assume T0 = {0}. Put x0 := 1. Suppose that ξ < c and (xη)η<ξ has been defined. Then
Eξ := spanQ{xη: η < ξ} has size |Eξ |  ξ · ℵ0 < c, hence MA implies that Fξ :=
F + Eξ =⋃x∈Eξ (F + x) is of first category in R according to [12, Theorem 2.20].
We now prove that
Fξ ∪ Tξ =R. (7)
Suppose that Fξ ∪ Tξ = R. Let x ∈ R \ Tξ . Then x + Tξ ⊂R \ Tξ ⊂ Fξ . Then x + Tξ
is of first category, hence Tξ is of first category, therefore Fξ ∪ Tξ is of first category,
a contradiction since R = Fξ ∪ Tξ is of second category. By (7) we can choose an
xξ ∈R \ (Fξ ∪ Tξ ).
Let us show that the family (xξ )ξ<c has the desired properties. By construction,
xξ /∈ Tξ for ξ < c. Moreover the family is independent since xξ ∈ R \ Fξ ⊂ R \ Eξ
for 0 < ξ < c. Now suppose that x ∈ F ⋂ spanQ{xξ : ξ < c} and x /∈Q. Then x can be
written as x =∑ni=1 rixξi where ξ1 < · · · < ξn, ri ∈ Q and rn = 0. Since x /∈ Q and
x0 = 1, it follows that ξn > 0. Then xξn = r−1n x −
∑n−1
i=1 r−1n rixξi ∈ F +Eξn = Fξn , a
contradiction.
(ii) Let B be a set with |B| = c and {ξ : ξ < c} ∩ B = ∅. Put Tβ = (0) for β ∈ B and
Γ := {ξ : ξ < c} ∪ B . Since |Γ | = c, we can apply (i) to the family (Tγ )γ∈Γ and
obtain a family (xγ )γ∈Γ in R linearly independent over Q such that xα = 1 for some
α ∈ Γ , spanQ{xγ : γ ∈ Γ } ∩ F ⊆ Q and xγ /∈ Tγ for γ ∈ Γ . We may assume that
α < c. For any subset D of B define ED := spanQ{xγ : γ < c or γ ∈D}. Clearly, the
linear independence of the family (xγ )γ∈Γ ensures that ED =ED′ whenever D =D′.
Moreover, ED ∩F ⊆Q and ED  Tξ for any ξ < c.
We now apply the above claim to the family {τu(R): u ∈ Z \ Z0} of subgroups of
R observing that by Example 2.8 all these subgroups are proper and that |Z\ Z0| = c.
Therefore, (R,+) contains 2c-many distinct subgroups Eξ (ξ < 2c) such that Z⊂Eξ and
Eξ  τu(R) for any u ∈ Z\ Z0 and ξ < 2c. Then Hξ = ϕ(Eξ ) are distinct subgroups
of T and Hξ  tu(T) for u ∈ Z\ Z0 and ξ < 2c. Therefore (Z, THξ ) has no non-
trivial convergent sequences. Moreover the Haar measure of Hξ is λ(ϕ−1(Hξ) ∩ [0,1])=
λ(Eξ ∩ [0,1])= 0 since λ(Eξ )= λ(Eξ ∩ (R \ F))+ λ(Eξ ∩F)= 0. ✷
5. Open questions
Question 5.1. For sequences u,v ∈ Z, describe tu(T)+ tv(T) in terms of u and v.
(a) When does there exist a sequence w such that tu(T)+ tv(T)= tw(T)?
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(b) Is tu(T)+ tv(T)= T possible with both non-trivial u and v?We prove that tv(T) is countable, when the sequence vn has bounded ratios vn+1/vn.
This leaves open the following
Question 5.2. Assume that tu(T) is countable. Does there exist a sequence vn with bounded
ratios vn+1/vn such that tu(T)= tv(T)?
Question 5.3. Is every x ∈ T contained in a countable subgroup of the form tu(T)?
Question 5.4. Is it true that a sequence un in Z is a TB-sequence iff there exists a
precompact Abelian group G containing Z such that un → b for some b ∈ G and
Z∩ 〈b〉 = {0}.
This question should be compared with [19, Theorem 3], where it is proved that a
sequence un in an Abelian group G is a T-sequence iff there exists a topological Abelian
group S containing G such that un → b for some b ∈ S and G∩ 〈b〉 = {0}.
Note added November 2002
Recently Hart and Kunen [10] obtained a negative answer to Question 1.3 in ZFC.
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